In this paper we present some key moments in the history of Morita equivalence for operator algebras.
1
Morita equivalence of C * -algebras M. A. Rieffel introduced the idea of Morita equivalence of C * and W * algebras. The definitions and results of this section can be deduced from [5, 15, 16, 17] . Let H, K be Hilbert spaces and T be a subspace of B(H, K).
The space T is called a ternary ring of operators (TRO) if
T T * T ⊂ T . isomorphic. (The tensor product ⊗ is the spatial tensor product, see [2] ).
We can easily see that if A and B are strongly, stably isomorphic then they are R-SME. The converse doesn't hold. But if A and B possess countable approximate identities the converse is true. In particular, if A and B are separable or unital, then they are R-SME if and only if they are strongly stably isomorphic.
2 Morita equivalence of W * -algebras Definition 2.1 Let M be a W * algebra. We denote by M NHM the category of normal representations of M : The objects of M NHM are pairs (π, H) where H is a Hilbert space and
is a weak* continuous * −homomorphism such that the identity operator belongs to π(M). If (π i , H i ) ∈ M NHM, i = 1, 2 the corresponding space of category homorphisms is the following:
Definition 2.2 Let M, N be W * algebras. These algebras are called weakly Morita equvalent in the sense of Rieffel (R-WME), if there exist 1-1 weak* continuous * −homomorphisms
where H, K are Hilbert spaces and there exists a TRO T ⊂ B(H, K) such that
Definition 2.3 Let M, N be a W * algebras and
be a functor. This functor is called a * -functor if for every pair of objects The equivalence of (i) and (ii) was proved in [14] . The others can be found in [2] .
3 Strong Morita equivalence of operator algebras.
In this section we assume that all operator algebras (see [2, 13] ) have contractive approximate identities (cai). The definitions and results of this section can be deduced from [1, 3] .
Definition 3.1 Let A be an operator algebra and X be an operator space. We say that X is a left A-operator module if there exists a completely contractive bilinear map A × X → X.
Similarly we can define right A-operator modules.
Definition 3.2 Let
A be an operator algebra. We denote by A OM the category of left operator modules: The objects of A OM are the left operator modules X for which
where (e i ) i is a cai for the algebra A. If X 1 , X 2 ∈ A OM, the corresponding space of category homorphisms is the following:
Definition 3.3 Let A, B be operator algebras. A functor
is called completely contractive if the map x → F (x) is completely contractive for all pairs X 1 , X 2 ∈ A OM and all x ∈ CB A (X 1 , X 2 ).
Definition 3.4
Let A, B be operator algebras. These algebras are called strongly Morita equivalent, in the sense of Blecher Muhly and Paulsen, (BMP-SME) if there exist completely isometric homomorphisms
where H, K are Hilbert spaces such that
We also require the existence of nets of positive integers (n t ) t , (m i ) i and nets
We recall (see [2, 13] ) the Haagerup tensor product U ⊗ h V of two operator spaces U and V. This space is an operator space and it has the property of linearizing completely bounded bilinear maps. Suppose U is a right A operator module and V is a left A operator module over an operator algebra A. We denote by Ω the space
This space has the property of linearizing A-balanced completely bounded bilinear maps. This means that if X is an operator space and
is a completely bounded bilinear map satisfying
then there exists a completely bounded linear map
If B is an operator algebra and U (resp. V ) is a left (resp. right) B operator module then U ⊗ h A V is a left (resp. right) B operator module. 4 Weak* Morita equivalence of dual operator algebras.
In this section we assume that all dual operator algebras (see [2] ) are unital. If M is a dual operator algebra, a normal representation of M is a map α : M → B(H), where H is a Hilbert space and α is a completely contractive weak* continuous homomorphism. The definitions and results of this section can be deduced from [4, 12] .
Definition 4.1 Let M be a dual operator algebra and X be a dual operator space. We say that X is a left dual M-operator module if there exists a completely contractive weak* continuous bilinear map
Similarly we can define right dual operator modules over M. 
Also we require the existence of nets of positive integers n t , m i and nets
such that the nets (v We recall (see [2] ) the normal Haagerup tensor product U ⊗ σh V of the dual operator spaces U and V. This space is a dual operator space and it has the property of linearizing weak* continuous completely bounded bilinear maps. Suppose U is a right M dual operator module and V is a left M dual operator module over a dual operator algebra M. We denote by Ω σ the space
This space has the property of linearizing M-balanced weak* continuous completely bounded bilinear maps [11] . This means that if X is a dual operator space and
is a weak* continuous completely bounded bilinear map satisfying φ(ua, v) = φ(u, av) for all u ∈ U, v ∈ V and a ∈ A then there exists a weak* continuous completely bounded linear map
If N is an operator algebra and the above U, (resp. V ) is a left (resp. right ) N operator module then U ⊗ σh M V is a left (resp. right ) N operator module [11] . 
is completely contractive and weak* continuous for all X 1 , X 2 ∈ M NOM. Theorem 4.4 [10] Let N 1 , N 2 be nests (see [6] ) acting on the Hilbert spaces H 1 , H 2 respectively, let M 1 , M 2 be the corresponding nest algebras and let
be the subalgebras of compact operators. The following are equivalent:
5 Stable isomorphism of dual operator algebras.
Definition 5.1 [9] Let M, N be weak* closed algebras acting on the Hilbert spaces H and K respectively. We call them TRO equivalent if there exists a TRO T ⊂ B(H, K) such that 
Definition 5.2 Let M, N be dual operator algebras. We call them ∆-equivalent if there exist completely isometric normal representations α of M and β of N such that α(M) and β(N) are TRO equivalent.
As in definition 2.1 if M is a unital dual operator algebra, we denote by M NHM the category of normal completetely contractive representations of M: If (H i , α i ), i = 1, 2 are objects of M NHM, the space of morphisms Hom M (H 1 , H 2 ) is the following:
We also define the category M DNHM which has the same objects as M NHM but for every pair of objects (H i , α i ), i = 1, 2 the space of morphisms is the following:
The main theorem of this section, which is a generalization of Theorem 2.1, is the following: (ii) There exists a * -functor of equivalence
(iii) The algebras M and N are stably isomorphic in the following sense: there exists a cardinal I such that the algebras M I (M), M I (N) of I ×I matrices whose finite submatrices have uniformly bounded norms are isomorphic as dual operator algebras.
(iv) There exist completely isometric normal representations α of M and β of N such that
for reflexive lattices L 1 and L 2 and there exists a * −isomorphism
Theorem 5.3 [8] Let M, N be CSL algebras (see [6] ). Then M and N are ∆-equivalent if and only if they are TRO equivalent. Theorem 5.5 [7] Two W * algebras are ∆-equivalent if and only if they are R-WME. Theorem 5.6 [4] If two dual operator algebras are ∆-equivalent then they are BK-WME.
We are going to prove that ∆-equivalence is strictly stronger than BK-WME:
Theorem 5.7 [7, 8, 10] Two BK-WME algebras are not necessarily stably isomorphic.
Proof Let {q n : n ∈ N} be an enumarations of the rationals. We define the measure µ = n δ qn on the Borel σ-algebra of R, where δ qn is the Dirac measure. Let H = L 2 (R, µ) and let Q + t (resp. Q − t ) be the projection onto L 2 ((−∞, t], µ) (resp. L 2 ((−∞, t), µ) ). The set
is a totally atomic nest in H. Let λ be Lebesgue measure on R and let N t be the projection onto L 2 ((−∞, t], λ). We define the nest
acting on H ⊕ L 2 (R, λ). The map θ : N 1 → N 2 sending the projection Q 
